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Abstract 

We calculate the formal group law which represents the completion of 
the Neron model for an algebraic torus over Q split in a tamely ramified 
abelian extension. To that end, we introduce an analogue of the fixed part 
of a formal group law with respect to a group action and give a method 
to compute its Honda type. 
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Introduction 

An explicit description of a formal group law which represents the completion 
of the Neron model for an elliptic curve over Q was given by Honda with the 
aid of the L-series of the curve considered (see |Hol] V The first attempt to 
construct such a formal group law for algebraic tori was made by Deninger and 
Nart [DNj . They consider a torus over Q which is split over an abelian tamely 
ramified extension K of Q and define a formal group law in terms of the Galois 
representation corresponding to this torus. Employing Honda's isomorphism 
criterion for formal group laws (see |Ho2] ) they show that after inverting some 
primes, the formal group obtained becomes isomorphic to the completion of the 
Neron model for the torus. 

In our article, we work in the same setting as Deninger and Nart and cal- 
culate a formal group law which represents the completion of the Neron model. 
Our main tools are Edixhoven's interpretation of the Neron model as a maximal 
fixed subscheme |Edj . Honda's theory of formal group laws [Ho2j and a theory 
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of universal fixed pairs for a formal group law with a group action which is 
introduced within the scope of this note. 

The outline of the paper is as follows. In Section 1, we review the notion of 
the formal completion of a group scheme and introduce related notation. We 
proceed with the definition and basic properties of formal group laws accompa- 
nied with the main results of Honda's theory (Section 2). In Section 3, formal 
group laws supplied with a group action are studied. We introduce the notion 
of a universal fixed pair widely employed in subsequent constructions and find 
universal fixed pairs for certain formal group laws over the ring of integers in 
an unramfied extension of Q p (Theorem [T]). Moreover we establish a sufficient 
condition for a formal group law over Z to appear in a universal fixed pair. 
The construction of the Weil restriction of a formal group law is considered in 
Section 4. We present an explicit expression for the logarithm of the Weil re- 
striction of the multiplicative formal group law and further compute its Honda's 
type. Another Honda's type of the same formal group law is computed in [lb] . 
An advantage of our type is that its coefficients belong to Z, and thus it can be 
used for finding a universal fixed pair in the global case. 

Section 5 is devoted to the definition of Neron model and its main properties. 
Our reference for this topic is [BLRJ. We also recall Edixhoven's result (see 
|Edj ) which asserts that if T is a torus over L and K/L is a tamely ramified 
Galois extension, then the Neron model for T is isomorphic to the maximal 
fixed subscheme in the Weil restriction of the Neron model for Tk with respect 
to the natural action of Gal(K/L). 

In Section 6, we consider a d-dimensional torus T over L split over a Galois 
extension K of L and prove that the cotangent space of the Weil restriction of 
the Neron model for Tk is isomorphic to 

{X ®k O l )® 0l Hom 0i {0 K , O l ) 

as Gal(^/L)-module, where X is the Galois module of if-characters correspond- 
ing to T (Theorem [2]). Further we show that if K/L is tamely ramified, then 
the Weil restriction <E> of the direct sum of d copies of the multiplicative formal 
group law provided with the Galois action whose linear part is given in The- 
orem [5] admits a universal fixed pair. Since the formal completion commutes 
with taking the maximal fixed subscheme and Weil restriction, we conclude that 
the formal group law which appears in this universal fixed pair represents the 
completion of the Neron model for T (Theorem [5}. Further we consider several 
special cases and apply the techniques of Sections 3 and 4 in order to calculate 
the formal group law representing the completion of the Neron model explicitly. 

The case where L = Q p and K is an abelian tamely ramified extension of 
Q p is treated in Section 7. We prove that the formal completion is isomorphic 
to the direct sum of a p-divisible group whose dimension is equal to that of the 
maximal subtorus of T split over the maximal unramified subextension of K, 
and several copies of the additive formal group schemes (Theorem|4]). If K/Q p is 
unramified, we get the same answer as in [DN] , In another particular case, when 
K/Qp is totally ramified, the formal completion turns out to be isomorphic to 
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the direct sum of several copies of the multiplicative and additive formal group 
schemes. A similar result for the reduction of the Neron model for such tori 
appears in [NX] , We apply Theorem 2] to show that in the case considered, the 
formal completion of the Neron model is uniquely determined by its reduction, 
and give an example of two tori such that their Neron models have isomorphic 
completions, but non-isomorphic reductions. 

Section 8 is devoted to one-dimensional tori over L = Q which are split 
over a tamely ramified quadratic extension K of Q. Wc construct two formal 
group laws representing the completion of the Neron model (for one of them 
this was proven in [DNp and reprove Honda's theorem (see [HolJ) which asserts 
that the formal group law obtained from the Dirichlet series of K/Q is strongly 
isomorphic to the formal group law F q (x,y) = x + y + ^/qxy, where q is the 
discriminant of K/Q. The case where L = Q and K is an abelian tamely 
ramified extension of Q, is considered in Section 9. Due to the Kronecker- 
Weber theorem, one can suppose that K = Q(£), where £ is a q-ih primitive 
root of unity, and q is the product of distinct primes. We express the coefficients 
of the corresponding formal group law in terms of the images of the Frobenius 
automorphisms with respect to the Galois representation in the character group 
of T (Theorem [5]) . This is our main result. As an application, we show that a 
torus over Q split over an abelian tamely ramified extension of Q is determined 
up to isomorphism by the completion of its Neron model. A similar result for 
Jacobians and elliptic curves was proven in |Na| . 

Throughout the paper, we use the following matrix notation. 
If U = {ai,j}o<t<m-l;0<j<n-l) V = {h',j' }o<i'<m'-l;0<j'<n'-l are matrices, 
their Kronecker product U ® V is a matrix W = {ck,i}o<k<mm'-i;0<l<nn'-i, 



ibi' j' for < i < 



1,0 < j < n - 1,0 < V < 



where Ci>m+i,j'n+j = 
m' - 1,0 < / < n' - 1. Notice that (U ® V)(U' ® V) = (UU' ® W) and 
(U®V) T = u T ®v T . 

To make calculations with Kronecker product easier, we sometimes employ 

the following "matrix-of-matrices" representation. Let R be a ring and let 

C/ (lj) ,0 < i,j < n- 1 be matrices from M m (R) and = {a[!f} <k,i< m -i- 
Then the correspondence 



0<s.t<mn—l i 



C%m-\-k,jm-\-l 



Aid) 

l k,l 



is a bijection between M„(M m (i2)) and M mn (R). Remark that if U S M m (R) 
and V = {b it j}a<i,j<n-i € M n (R) then {Ub it j} <i,j< n -i U ® V. 
Denote n x n matrices 



Jn, — 



(I ••• 0\ 




\o 



/' - 



Pn = 



({) •• 
1 
1 



1\ 





\0 ••• 1 0/ 

As usual, the n x n identity matrix is denoted by /„, and the m x n matrix 
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is denoted by l m , n (n < m). Finally, we write Sf for Kronccker's delta, 
i.e. 8\ = 1, if i = j, and Sf = otherwise. 

1 Completion of group schemes along the zero 
section 

Let A be a ring. Let C be a pro-nilpotent augmentated A-algebra, i.e. an 
A-algcbra with augmentation map e : C — > A, e(a) = a for any a e A, and 
decreasing chain of ideals Jk such that Ker e = J\ , and J\ j Jk is a nilpotent A- 
algebra for any k. If C is complete and Hausdorff in the topology defined by Jk, 
one can define the functor Spf C from the category of nilpotent A-algebras to 
the category of sets by Spf C(N) = limHom^(C/Jjt, A(BN), where Horn* is the 
set of homomorphisms of augmentated algebras. A functor from the category of 
nilpotent A-algebras to the category of sets is called a formal scheme over A, if it 
is isomorphic to Spf C for some complete Hausdorff pro-nilpotent augmentated 
A-algebra C. Evidently, any formal scheme can be extended to a functor defined 
on the category of complete Hausdorff pro-nilpotent augmentated A-algebras. 
A continuous homomorphism h : C — > C of complete Hausdorff pro-nilpotent 
augmentated A-algebras defines a morphism Spf h : Spf C — ► Spf C in the 
following way: if s G Spf (C)(N), then Spf h(s) = s o h e Spf (C')(N). 

Yoneda lemma for formal group schemes. LetC, C be complete Hausdorff 
pro-nilpotent augmentated A-algebras, and r\ : Spf C — ► Spf C be a morphism 
of functors. Then there is a unique continuous homomorphism h : C — > C such 
that i] = Spf h. 

Let H be an A- algebra and J C H be an ideal in W such that 7i/J = A 
and = 0. Then Tij — \m\Ti/J k with the augmentation map Tij — > 

Hj/Ji and the chain of ideals = Ker(7ij- — ► TLj/J k ) is a complete Haus- 
dorff pro-nilpotent augmentated A-algebra. In this case, the formal A-scheme 
Spf Tij is called the formal completion of S = Sp TL along J and is denoted 
by Sj. Remark that if k is such that N k = 0, then Uom* A (H/J k , A AT) = 
Hom* A (H, A®N). Hence Sj(N) can be identified with the subset of S(A®N) = 
Hom y i(7i, A © iV) consisting of the homomorphisms which map J in N. 

A functor from the category of nilpotent A-algebras to the category of groups 
is called a formal group scheme over A if its composition with the forgetful func- 
tor is a formal scheme over A. Due to Yoneda Lemma, giving a formal group 
scheme structure to a formal scheme Spf C is equivalent to fixing comultiplica- 
tion, counit and coinverse in C which satisfy usual group axioms. 

Let G be an affine group scheme over A with Hopf algebra TC, and J denote 
the augmentation ideal in H. Then H/J = A and r]J k = 0. Thus one can 
consider the formal completion G j that we denote just by G. For a nilpotent 
A-algebra N, the comultiplication in TL induces a group structure on G(N) 
what converts G into a formal group scheme. Moreover any morphism r\ : G — > 
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G' of affine group schemes induces a morphism fj : G — * G' of their formal 
completions. 

2 Logarithms of formal group laws and their 
types 

Let A be a ring. We denote by X and Y the sets of variables x\, . . . ,Xd and 
2/1, . . . , yd, respectively. A <i-dimensional formal group law over A is a d-tuple of 
formal power series F G A[[X, Y]) d such that 

i) F(X,0) = 0; 

ii) F(X,F(Y,Z)) = F(F{X,Y),Z); 
hi) F(X,Y) = F(Y,X). 

Let F and F' be d- and (f-dimensional formal group laws over A. A d'-tuple 
of formal power series / S is called a homomorphism from F to F' , if 

/(0) = and f(F(X,Y)) = F'(f(X), f(Y)). The matrix £> e M d /, d (A) such 
that f(X) = DX mod deg2 is called the linear coefficient of /. Formal group 
laws are called strongly isomorphic, if there exists an isomorphism between them 
whose linear coefficient is the identity matrix. 

If G is a smooth affine group scheme over A with Hopf algebra H and aug- 
mentation ideal J, then any set of elements x\,...,Xd € J such that X\ + 
J 2 ,...,Xd + J 2 form a free v4-basis of J/ J 2 , gives rise to an isomorphism 
between Tij and -AfLY]] which provides a formal group scheme structure to 
Spf A[LY]]. The images of X\,...,Xd G A[[X]] with respect to the comultipli- 
cation form a <i-tuple of elements of Y]] which is a d-dimensional formal 

group law over A. Thus, for example, the element x — 1 of the augmentation 
ideal in the Hopf algebra Z[x, x'}/{\ — xx') of the multiplicative group scheme 
G m over Z, induces the multiplicative formal group law F m (x, y) = x + y + xy. 

For a morphism r\ : G — ► G' of smooth affine group schemes over A, denote 
by C the matrix of the A-module homomorphism from J' j J' 2 to J I J 2 in the 
bases x' 1 + J' 2 , . . . , x'^+J' 2 and £1 + J' 2 , . . . , a; ( i+ l 7 2 . Then the linear coefficient 
of the formal group law homomorphism corresponding to fj in the same bases is 
C T . 

If A € A[LY]] d and A(X) = X mod deg2, then there exists a unique in- 
verse under composition A -1 . In this case, F\(X,Y) = X^ 1 (X(X) + X(Yj) is 
a d-dimensional formal group law over A, and A G Ilom^ (F\ , (F a )^), where 
V a (x, y) — x + y is the additive formal group law over Z. 

Let A e A[[X]] d , X(X) = X mod deg2 and A' G A[LY']] d ', A'(X') = X' 
mod deg2, where X' is the set of variables x[, . . . ,x' d ,. If D G Md',d(A), then 
A /_1 o Z?A G A[[X]] d is a homomorphism from F\ to F\>. 

Proposition 2.1. 'Ho2, Theorem 1] For any d- dimensional formal group law F 
over Q-algebra A, there exists a unique X G Hom^(F, (F a )50 such that X(X) = 
X mod deg2. 

Let A be a ring of characteristic 0. Then A = A ®% Q is a Q-algebra. 
If F is a formal group law over A, then applying Proposition 12.11 to Fa we 
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obtain A E A[[X]] d which is called the logarithm of F. The logarithm of F TO is 

L m (x) = ES 1 (-i) i+1 ^A- 

Proposition 2.2. 'Ho2, Proposition 1.6] Let F and F' be d- and d' -dimensional 
formal group laws over A with logarithms X and X' , respectively, and f E 
Hom^-F , F'), then f = A' -1 o DX, where D £ M-d',d{A) is the linear coeffi- 
cient of f . 

Let L be a finite unramified extension of Q p with integer ring Ol and Frobe- 
nius automorphism a. Denote Cd = L[[X\] and let ▲ : Cd — > Cd be a Q p -algebra 
map defined by k(xi) = x\ and k(a) = a (a), where a E L. Let £ = Oi,[[k\]] 
be a noncommutative Q p -algebra with multiplication rule ka — o~(a)k, a E Ol- 
Then Cd has a left £ -module structure which induces a left Md{£ )-module struc- 
ture on L d d . 

If u E Md{£), u = pld mod ▲ and A £ C d A are such that uX = mod p, 
we say that A is of type u. Clearly, if u E Md(£), u = pld mod then 
(u _1 p)(id) £ L d d is of type u, and ((u _1 p)(id)) = X mod dcg2. Remark also 
that L m is of type p — k. 

Proposition 2.3. fHo2l Theorem 2, Proposition 3.3, Theorem 3] 

(i) If X E £ d is of type u, then X is the logarithm of a formal group law over 

Or,. 

(ii) For any formal group law F over Ol with logarithm X E C d there exists 

u E Md(£) such that X is of type u. 

(iii) Let F, F' be d- and d' -dimensional formal group laws over Ol with loga- 
rithms A, A' of type u,u' , respectively, and D E M^^Oi,)- Then A /_1 o 
DX E Home> L (F, F') if and only if there exists w E Md>.d(£) such that 
u'D = wu. 

We will also use the following technical result. 

Lemma 2.4. [Ro2, Lemma 2.3] If v E £, X E L\ is of type u £ £ and (p £ 
Ol[[X]], then v(X o ip) = (vX) o ip mod p. 

If A E Q[[X]) d and p is a prime, we call a type of A considered as an element 
of Q p [[X]] d its p-type. To avoid confusion in this case, instead of ▲ and £, we 
write k p and £ p . 

Let S be a map from the set of prime numbers to M,j(Z) such that any 
two matrices from its image commute. If p±, . . ■ ,Pk are distinct primes and 

m = UtlPh P ut An = Ui=l^(Pi) U and A H = E^=l A mX m /m E Q[[X]}. 

Finally, define F S (X,Y) = A H 1 (A H (X) + A H (F)). 

Proposition 2.5. \Ho2\ Theorem 8] Ah is of p-type pld — S(p)A p £ Md{£ p ), 
and Fh is a formal group law over 2,. 
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Proof. For any prime p, we have 

/ °° A A i 

(pi d -s(p)A p )\ s = (pi d -A p A p )[ J2 E^r^ mpl 



E 



pA m 



m 

(m : p) — l 



(m,p) = l i=Q 

X m = mod p. 



mp l 



Thus Ah is of the required p-type. By Proposition ^. 31 (i). F3 is a formal group 
law over Z p . Since it is true for any prime p, it is defined over Z. □ 

3 Universal fixed pairs for group actions on for- 
mal group laws 

The action of a group Q on a formal group law 4> over a ring A is given by 
a homomorphism Q — ► Aut^($). We denote the image of a E G under this 
homomorphism also by a. It will never lead to confusion. 

Let F be a formal group law over A and / € HomA^, A pair (F, f) 
is called fixed for if c o / = / for any a E C7. Yoneda Lemma implies 

that a pair (F, f) is fixed if and only if for any nilpotent A-algebra N, we have 
Im f(N) C <t>(N) g . 

A fixed pair (F, f) is called universal if for any fixed pair (F',f), there 
exists a unique g E Hom^(F',F) such that /' = / o g. Clearly, if (F, f) and 
(F, f) are universal fixed pairs, then g £ Hom^F, F) satisfying / = / o g is an 
isomorphism. 

Proposition 3.1. If (F, f) is a fixed pair such that for any nilpotent A-algebra 
N the map f(N) : F(N) — > $(7V)^ is bijective, then it is universal. 

Proof. We notice that for any nilpotent A-algebra N and any fixed pair (F' , /'), 
there exists a unique homomorphism g(N) : F'(N) — » F(N) such that f(N) o 
<7(iV) = f'(N), and that g(-/V) is functorial in TV. Then the statement follows 
from Yoneda Lemma. □ 

Proposition 3.2. Let Q act on formal group laws $ and and ip E Homi($, $') 
commute with the actions of Q . If {F, f) and (F',f) are universal fixed pairs 
for (<I>, Q) and ($',£/), respectively, then there exists a unique (p 6 Hom^-F, i* 1 ') 
suc/i that ip o f = f o (p. 

Proof. For any a E G, we have a o ip o f — ip o a o f — <po f. Hence, (F, ipo /) is 
a fixed pair for (<£>',(?). Therefore, there exists a unique ^ S Hom^-F, F') such 
that (p o f — f o ip. □ 

Let C/i, C/2 act on $ and eri<72 = 0201 for any o\ E Gi,02 & G2- If {Fi, fi) is 
a universal fixed pair for (<&, Gi) then for any 02 E Gi we have o~\ o (<7 2 /1) = 
er 2 o(ffio/i) = a"2°/i for any cr\EG\. Thus there exists a unique er 2 6 AutA(-Fi) 
such that /1 o cr 2 = (72 o /1 . It induces an action of C/2 on iq . 
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Proposition 3.3. Let Q = Gi x G2 act on a formal group law <£. If (F\, /1) is a 
universal fixed pair for (<&, Gi) and (F 2 , f 2 ) is a universal fixed pair for (F\, G2) 
with respect to the induced action of Gi on F\, then (F 2 , fx o f 2 ) is a universal 
fixed pair for ($, Q). 

Proof. Let (F', /') be a fixed pair for (&,G), i.e., a o /' = /' for any a G Q. It 
implies that (F',f) is a fixed pair for ($,£1) thus giving g\ G Rouia{F' , Fi) 
such that /' = fi o gi . Then for any 02 G £2 , we have fio{<J 2 ogi) = cr 2 of 1 og 1 = 
a 2 o f = f = fi o gi which implies o~' 2 o gi = gi by universality of (F\, f\). It 
gives g 2 € Honu(F',F 2 ) such that g 1 = f 2 og 2 . Thus {f\of 2 )og 2 = f 1 og 1 = f. 
The uniqueness of g 2 can be easily checked in a similar way. □ 

Let L be a finite unramified extension of Q p with integer ring O l and residue 
field k. 

Lemma 3.4. Let G' be a set of matrices over Ol with the same number of 
columns n such that [Hrree'Ker (D 1 ® k) = {0}. Then there exist D[ G G 1 , 
D'i e M ni n (0 L ) and C t G M„ m (0 L ) for 1 < i < m such that YT =1 C l D\ G 
GL n (0 L )'. 

Proof. It is enough to prove that if G is a set of matrices over k with the 
same number of columns n such that n^^Ker D = {0}, there exist Di G 
G, Di G M nun (k),l < i < m, and Ci G M n ^ ni (k),l < i < m, such that 
Y^iLi CiDi G GL„(fc). Consider a finite set of matrices D\, . . . , D m G G whose 
kernels have zero intersection, and construct a matrix D* with the rows of these 
matrices. Since n™ 1 Ker Di — {0}, the rank of D* is equal to n. Then there is a 
matrix C* with n rows such that C*D* = I n . The required matrices Ci, . . . , C m 
are formed by the corresponding columns of C* . □ 

Theorem 1. I. Let G* C M T .(£>i,). TTie following conditions are equivalent 

(i) rk 0z , f^Deg* Ker Z? = dim fe n De g»Ker (D ® fc); 

(ii) 7/ a; G C£ is swc/i that for any D e G* there is yu G O r L satisfying Dx — pyD, 
then there exists x' G O r L such that Dx' = yo for any D G G* ; 

(iii) There exist < e < r and Q G GL r (Ol) swc/i i/iai /or any D € G* 

Q- X DQ = (J , ^ e M e;r _ e (e» L ), /3 G M r _ e (0 L ), 

cmd t/iere are A G 5*, Ci G M r _ eje (0L) and (7, G M r _ e (Oi) ; 1 < i < m, such 
that J2Zi Ci D i + CiDi G GL r _ e (0 L ). 

II. Let $ 6e an r-dimensional formal group law over Ol with logarithm A. 
Let a group G act on $ and G* = {D G M r (0 L ) : A" 1 o (D + I r )A G G}- 
If G* satisfies one of the above equivalent conditions then (&,G) has a univer- 
sal fixed pair. Moreover, if A is of type v, then a universal fixed pair [F, f) 
can be taken in such a way that the linear coefficient of f is QI r ,e, and the log- 
arithm of F is of type u, where u is the upper-left ex e-submatrix ofv = Q~ 1 vQ. 



8 



Proof. I. Remark that n£> e g*Ker I? is a p-divisible O^-module. Since the re- 
duction of n^gg.Ker I? is a subspace of Hugg.Ker (D £g> k), condition (i) is 
equivalent to the fact that they coincide. Obviously, the latter is equivalent to 
condition (ii). 

Now suppose that for any D £ Q* 



D\(x\ = (pyo 
b) \x) \py D 



x,y D £ O e L , x,y D £ O r L 



Then Dx = pyn, Dx = pyu and for d, C 1 , provided by condition (iii) we have 
(SHi C i D l + C l D i )x = pJ2iLi Cij/Di + CiyDi which implies that x = pi' for 
some x! £ O r L ~ e . It gives for any D £ Q* 

D\ [0\ = fy D 
b) \x'J \y D 

as required. 

For the reverse implication, take e = rke> L do^g* Ker D and let Q be the 
transition matrix from a basis of O r L with first e vectors from flDgg-Ker D to 
the standard basis. Then for any D 6 §*, we have 

Q-'DQ = r j?J , be M e , r . e {0 L ), b e M r _ e (G L ). 

Denote Q' = {D £ M r _ e (C L ) :De5*}U{I)e M eir _e(0 £ ) : D £ 
If x S fc r ~ e and 5 € n D / eS <Ker (D' ® fc) then for any fleg* 

o £>) (i) = (o 



which implies that 



e n De s*Ker (D<g>k). 



Then a; is the reduction of an element from (~lDgc;*Ker D by condition (i). It 
gives x = 0, i.e., flceg/Ker (£>' <S> fc) = {0}. It remains to apply Lemma EP1 

II. If <p(X) = QX £ C r then A = ip^ 1 o A o 93 is of type u. By Propo- 
sition [2?3] (i), A is the logarithm of a formal group law <E> over Ol, and ip £ 
Homo L (<t, $). Furthermore, ip^ 1 o go ip £ Aut^*^ for any a £ Q which defines 
an action of Q on If D + I r is the linear coefficient of a, then the linear coef- 
ficient of ip^ 1 o a o ip is equal to (Q~ 1 DQ + I r ). Therefore Proposition ^. 31 (iii) 
implies the existence of w £ M r (£) such that vQ~ l DQ — wv. For 1 < i < m, 
let Wi correspond to Di and 











( Zi Wi\ 


V = 




:■ 














\Zi Wi I 
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where u, £ M e (£), u, Zi £ M r _ eje (£), ibi £ M ejT ,_ e (£), wt £ M r _ e (£). Then 



-£» g)=(° •)• 

It gives Y^i{^i^ + ^i^) u + Y^i(^i^i + ^i^i)^ = °- Since m); = A mod ▲ 
and = A mod we obtain that X)i=i -\-CiWi £ M r _ e (£) is invertible, 
and hence, u = zu for some z £ M r ^ e ^ e (£). 

Let \ £ C%he of type it and X(X) = X mod deg 2. Then by Proposition ^. 31 
(i), A is the logarithm of a formal group law F over Ol- Since 

~ VI ^ = (fi) = ( z ) 

Proposition 12.31 (iii) implies that / = A -1 o A e A £ Homo t (F, $). Moreover, 
(Q~ 1 DQ + I r )I r . e — U.e for any £) € (?*, and hence, by Proposition ^. 21 we get 
((p^ 1 o(7o<p)o/ = / for any a £ Q. Thus (F, /) is a fixed pair for (&,Q). 

Now let (F 1 , /') be another fixed pair for ($, Q) and the linear coefficient of 
/'be 

^ = 6 Mr ' e '(° L )' WherG ^ € M e ,e'(0i), i G M r -e,e'{0 L ). 

Then (Q^DQ + I r )Z = Z, and therefore, A^ = and D l Z = 0, 1 < % < m. 
Since X)i=i CiA + CiA is invertible, Z = 0, and hence, Z = I r .eZ. According 
to Proposition ^. 31 (ii). there exists u' £ M e /(£ ) such that the logarithm A' of F' 
is of type u' . By Proposition 12.31 (iii), we have vZ — w'u' for some 

|eM r y(«), where w' £ M e>e ,(£), 

Then uZ = w'u' , and Proposition 12.31 (iii) implies that g = A -1 o ZA' € 
Hompj (F' , F). Besides, by Proposition ^. 2[ we have f' = f° g. 

If g' £ Hom 0i (F',F) is such that /' = fog', and Z' £ M e ^(0 L ) is the 
linear coefficient of g', then I r . e Z' = Z = I riC Z, and hence, Z' = Z. Then 
Proposition 12.21 implies that g' — g, and thus (F, /) is a universal fixed pair for 

Finally, let / = (p o /. Then / G Hornet (F, $), the linear coefficient of / is 
QI r , e , and (F, f) is a universal fixed pair for (<3>, Q). 

□ 

Proposition 3.5. Lei $ fc a formal group law over Z provided with an action 
of a group Q , and for any prime p, the logarithm of <E> be of p -type v p . If there 
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exist Q 6 GL r (Z) and a formal group law F over Z such that for any prime p, 
Q satisfies condition (iii) of Theorem\]\Y for L = <Q> p , and the logarithm of F is 
of p -type Up, where u p is the upper-left e x e-submatrix of Q~ 1 v p Q , then there 
exists f € Homz(.F, $) such that the linear coefficient of f is equal to QI r ,e and 
(.F, /) is a universal fixed pair for (<&, Q). 

Proof. By Theorem [T] for any prime p, there exists a universal fixed pair (F p , f p ) 
for (<I>, Q) such that the logarithm X p of F p is of type u p , and the linear coefficient 
of f p is QI r>e . Proposition 12.31 (iii) implies that v p Ql rfi — w p u p for some w p € 
M r) e(£ P ), and then / = A -1 o QI r _ e X € Hom Zp (F, $), where A and A denote the 
logarithms of $ and F, respectively. Since it is true for any prime p, we have 
/ € Hom z (F, $). Moreover by Proposition 12.21 we get / = f p o (A" 1 o A), and 
hence, a o f = a o f p o (A p 1 o A) = / for any a € Q. Thus (F, f) is a fixed pair 
for 

Let (F', /') be another fixed pair for ($, 0). For every prime p, there exists 
g p € Hom Zp (F', i 7 ^) such that f' = f p o g p . Denote the linear coefficients of /' 
and g p by Z 6 M r)6 /(Z) and Z p € M e , e '(Z p ), respectively, and let 

Q- 1 ^ = f?^ e M r . e ,(Z), where 2T e M e , e /(Z), Z € M r _ e . e /(Z). 

Then Z = QI re Z p implies Z — and Z = Z p , in particular, the entries of 
Z p are in Z. According to Proposition 12.31 (ii) , for every prime p, there exists 
u' p <E M e '(£ p ) such that the logarithm A' of F 1 is of type u' p . By Proposition ^. 31 
(iii), we have u p Z — w' p u' p for some w' p € M eje ' (£ p ), and then 5 = A -1 o ZX' € 
Hom Zp (F', F). Since it is true for any prime p, we get g £ Hom z (F',F). 
Besides, by Proposition ^. 21 we have /' = / o g. 

If g' € Hom z (F',F) is such that f = f o g', and € M e>e /(Z) is the 
linear coefficient of g', then QI r e Z' = Z = QI rjf ,Z, and hence, = Z. Then 
Proposition 12.21 implies that g' = g, and thus (F, f) is a universal fixed pair for 

(*,G). □ 
4 Weil restriction for formal group laws 

Let A be a ring, B be an ^4-algebra which is a free ^4-module of finite rank 
with basis eo,...,e„_i that we fix throughout this section. For a positive 
integer d, denote B d = B[[xi, . . . , x d ]]. Define the Weil restriction functor 
7^B/A(Spf Bd) from the category of nilpotent ^4-algebras to the category of sets 
by ft BM (Spf B d ){N) = Spf B d {N ® A B). Denote A d = A[[z u . . .,z nd }}. For 
any nilpotent A-algebra N, the map 

p d {N) : Spf A d (N) -> ft BM (Spf B«,)(JV) 

defined by (p d (iV)(s)) (au) = Z)"=o s ( z jd+i) <S> ej, 1 < I < d, is a bijection. 
Therefore, it gives an isomorphism p d : Spf A d — » ^^/^(Spf -Bd) that depends 
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on the fixed basis. It implies, in particular, that TZb/a(^P^ Bd) is a formal 
scheme over A. Let / : Bd> — > Bd be a continuous homomorphism of -B-algebras. 
Denote by 1Z B /A{f) '■ Ai' — > the unique continuous homomorphism of A- 
algebras such that 

n — 1 /n—1 n—1 \ 

X! KB/A(f)jd>+i(zi, z„d)ej =/i 7] ^d+iei, . . . , ^ ^id+dej J eB®4j 

j=0 \i=0 i=0 / 

for any 1 < I < d' , where f m € £?d and 1Z B /A(f)m € A are the images of z m 
with respect to / and 1Z B /A(f)> respectively. Certainly, 1Z B /A(f) a l so depends 
on the chosen basis. 

Proposition 4.1. 

(Spf /)(p d ) = MSpf Rbm(/)). 

Proof. Let iV be a nilpotent A- algebra and s € Hom^A^, iV). Then 



(Spf /)( Pd (7v)( s )) j^) = (p d (J\0(s)) (/(*«)) 
= / i (p d (7V)(s)(a ;i ),...,p d (iV)( S )( a;d )) 

/n-l n-1 \ 



\i=0 i=0 

for any 1 < Z < d'. On the other hand, 



71-1 



Miv)((s P f ft s/A (/))(«)) J (*,) = ]T ((Spf Rb/a(/))(»)) ® e ; 

n—1 n—1 

= ^ s^ BM (/)(z^+()) ® ej = X ^ s/A (/) jd / + ^s(^i), . . . , s(z nd fjej. 

3=0 j=0 

□ 

Let F be a c?-dimensional formal group law over B. Then F provides a 
formal group scheme structure to Spf Bd, and hence, also to "/^/^(Spf Bd). 
Further, pd allows to define a formal group scheme structure on Spf Ad, which 
gives an nii-dimensional formal group law depending on the chosen basis. We 
denote this formal group law by TZb /a (F) ■ 

Proposition 4.2. If F and F' are formal group laws overB, and f e Homs(F,F') 7 
then 1l B/A (f) € Kom A (K B/A (F),K B/A (F')). 
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Proof. Denote by d, d' the dimensions of F, F', respectively. Let N be a nilpo- 
tent A- algebra and s\,S2 € Hom A (A d , N). Then Proposition 14. II yields 

Pd'(N)(n B/A (f)(K B/A (F)( Sl ,s 2 ))) = f(F( Pd (N)( Sl ),p d (N)(s 2 ))) 
= F'(f(p d (N)( Sl ))j( Pd (N)(s 2 ))) 
= Pd , (N) (n B/A (F') (TZ B/A (/) ( Sl ), TZ B/A (/) (s 2 )) ) . 

□ 

Suppose that A is of characteristic 0. Then A — A<E>z,Q and B = B®zQ are 
Q-algebras, and 2? is an „4-algebra of rank n. We consider S as a free ,4-module 
with the SciniG fixed b&sis eo, ■ • ■ , &n—i- 

Denote by A the logarithm of F. 

Proposition 4.3. TZb/aW * s the logarithm oflZ B / A (F). 

Proof. Denote B d = B[[x 1 , ...,x d ]] and A d = A[[zi, z nd ]]. Let p* d : Spf A d -> 
TZs/ A (Spi B d ) be defined similarly to p d . Since B = A <E) A B, the formal 
group schemes "^/^(Spf B d ) and 1Z B / A {$Y>i B d ) A coincide as well as the maps 
p* d and {p d ) A . Hence, 71b/a(Fb) = 'R- B / A (F) A . Besides, it is clear that 
K g/i ((F 8 )|) = (F Q )J d . According to Proposition g^l we get K B/A {\) G 
Hom A (TZ B/A (F) A , {¥ a ) A d ). By definition of TZ B/A , we have R-B/AWjd+iej 

J27=i z id+i&i mod deg2. Hence, TZ B / A (X) jd+ i = z ]d+ i mod deg2. Thus7?. B /^ 
is the logarithm of 1Z B / A (F). □ 

The next proposition shows a relation between two Weil restrictions of the 
same formal group law defined with the aid of two distinct bases. 

Proposition 4.4. Let eo,...,e n _i and e' Ql . . . , e' n _ 1 be two free A-bases of 
B and F be a formal group law over B. If p d : Spf A d — > TZ B / A (Spf B d ) 
and p' d : Spf A' d — > TvLs/^Spf B d ) are the corresponding maps, 1Z B / A (F) and 
7i' B / A (F) are the corresponding formal group laws over A, then there exists 
f e Hom A (lZ' B / A (F) ,1Z B / A (F)) with linear coefficient I d £g> W , where W is the 
transition matrix from e' , . . . , e! n _\ to eo, . . . , e„_i . 

Proof. Suppose that W = {^ij}o<i,i<n-i G GL n (A), i.e., e'j = J^jZo w i,j e i- 
Define the continuous homomorphism g : A d — > A' d as follows: g(zi d+ i) = 
Y^jZo w i,j z 'j d +i- Let TV be a nilpotent A-algebra and s € }lom A (A d , N). Then 

n—1 n—1 n—1 

p d (JV)(Spf ff(s))(aci) = s(s(z id+; )) <8> e, = ^ ^ Wi,,,-s(Zj W ) ® e*. 
On the other hand 

n—1 n—1 n—1 

p'd( N )( s )( x i) = s ( z 'id+i) ®4 = EE s ( z 'jd+i) ® ^j" 5 *- 

Thus o (Spf 5) = p' d and therefore Spf g induces a homomorphism from 
TZ' B , A (F) to 1Z B / A (F) whose linear coefficient is equal to I d ® H". □ 
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5 Galois action on the Weil restriction of split 
tori 



Let A be a ring, B be an /l-algebra which is a free A-module of finite rank. Let 
S be a smooth separated scheme over B of finite type. Define Weil restriction 
functor 1Z B / A (S) from the category of ^4-algebras to the category of sets by 
K B/A (S)(R) = S(R® A B). 

Proposition 5.1. \BLR[ Section 7.6, Theorem 4, Proposition 5] The functor 
R-b/a{S) is a separated smooth scheme over A. 

If G is a group scheme over A such that its underlying scheme S is smooth, 
separated and of finite type, then 1Z B / A {S)(R) is a group, which defines a group 
scheme denoted by R b /a(G). 

Let K/L be a finite Galois extension of fields, and T be a torus over L 
represented by the Hopf algebra H. It is easy to see that if a field K' splits 
T, then KK' splits 1Zk/l(Tk), and in particular, the latter scheme is a torus. 
Define a right action of G&\(K/L) on 1Z k / l (Tk) as follows: if a E G&\(K/L), 
R is an L-algebra and s e 1Z k / l (Tk)(R) = Homi<-(ff ®l K,R ®l K), then 
su = it _1 oso(t, where a : H ®£ K — > H ®l K and a : R®l K — > R®l K are 
induced by a. For every L-algebra R, the map 

Sl(R) :T(R) ^n K/L {T K )(R) 

defined by fl(R)(g)(a ® v) = g(a)(l ® v), a € H, v e , is a homomorphism. 
Hence, it gives a morphism 51 : T — > R-k/l{Tk)- 

Suppose that L is a local or global field and denote its ring of integers by 
Oh- Let S be a smooth separated scheme over L. A smooth separated scheme 
y over Ol is called a Neron model of S, if it is a model of S, i.e. = 
and satisfies the following universal property: for any smooth scheme Z over 
Ol and any L- morphism g : Zl — > — S there exists a unique C^-morphism 
h : Z ^ y such that h^ = g (see [BLR], Section 1.2, Definition 1). Evidently, 
if a scheme S 1 admits a Neron model, then it is unique up to isomorphism. 

Proposition 5.2. [BLRl Section 1.2, Proposition 6] Let G be a smooth sepa- 
rated group scheme over L such that its underlying scheme S admits a Neron 
model y over Ol ■ Then y admits a unique group scheme structure which in- 
duces the original group scheme structure on yL = S . 

Proposition 5.3. [BLR, Section 10.1, Proposition 6] Any torus over L admits 
a Neron model over Ol ■ 

By the above Proposition, the schemes T and R K / l {Tk) admit Neron mod- 
els which we denote by T and U, respectively. Due to the universal property of 
Neron models, the right action of G&l(K/L) on 1Zk/l(Tk) can be extended to 
the right action on U, and Q can be extended to the morphism lu : T —> U. 

Let S be a separated scheme over a ring A provided with an action of a finite 
group g. Define the functor S g of fixed points by S G (R) = S(R) G . 
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Proposition 5.4. [Ed, Proposition 3.1] The functor is represented by a 
closed subscheme of S. 

Proposition 5.5. \Ed\ Theorem 4-2] IfK/L is tamely ramified, thenuj :T^U 
is a closed immersion which induces an isomorphism T — > £/ Gal (^/ L ). 

For a group scheme G, we denote by Go the connected component of the 
unit in G. 

The scheme Uq is invariant with respect to the right action of G&\(K/L) on 
IA, so we obtain an action on U. 

Proposition 5.6. The natural morphism ((Wo) G ^ )o ^ (U Gal ^ K ^ L ^)o is an 
isomorphism. 

Proof. We describe how to construct the inverse morphism. There is a natural 
morphism from (U Ga3, ' K ^ L ^)o to Uq, and its image is a subscheme invariant with 
respect to the action of Gal(K / L) . That gives a morphism from (U Gai ( K / L ')o to 
{U f^ K/L \ and the image of this morphism is a connected subscheme. Thus 
we obtain a morphism from {U G ^ K / L ^) Q to ((U ) GaHK/L) ) . □ 

Let Ok denote the ring of integers of K. 

Proposition 5.7. [NX, Lemma 3.1] There exists a natural isomorphism from 
T^-o K /o L (( l ^'rn)o ) t° the connected component of the unit in the Neron model 
for Tl K/L ((G m ) K ). 

Suppose that T is split over K, and its dimension is d. Denote by X the 
group of group-like elements in H ®l K . Then X is a free Z-module of rank 
d. We fix a free Z-basis x\, . . . ,Xd in X, and denote by X the set of variables 
x\, . . . ,Xd- Then X is identified with Z d , H ®l K is identified with the Hopf 
algebra K[X, X~ x ], Tk is identified with (G m ) K , U is identified with the Neron 
model for 7Z K / L ((G m ) K ), and according to Proposition 15.71 Uq is identified 
with 7loK/0 L (('&'m)o K )- Moreover we obtain a right action of Gal(K/L) on 
TZ-Ok/Ol ((^m)ojf)- If ^ G Gal(K/L), R is an O^-algebra and 

s G n OK/OL {{G m ) d OK ){R) = Homo K (O k [X, X' 1 }, R (g>o L O k ) 

then sa = a' o so a', where a' is the restriction of a to Ok[X, X~ l ], and a' 
is induced by a. 

Let T" be another torus over L split over with Hopf algebra H' and 
77 : T — > T" be a morphism. Denote by T' and W the Neron models for T' and 
TZk/l{T' k ). Then 77 induces a morphism Wo — > which commutes with the 
actions of Gal(A'/i) on Z^o and Wq. If a Z-basis a^, . . . , x' d , in the group X' of 
group-like elements in H' ®£ X is fixed, then 77 induces a morphism 

V- Ko^oJfG^)^) -> ^ OK/c , L ((G m )o K ) 
which also commutes with the actions of Gal(K/L). 
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Suppose that rj corresponds to the homomorphism X' — > X given by the ma- 
trix C = {ck,i}i<k<d;i<l<d> e M did /(Z) in the bases x[, . . . ,x' d , and xi, . . . ,x d . 
If R is an O^-algebra and 

)(i?) =Kom OK (0 K lX,X- 1 },R®o L O k ), 
then »7(i?)(s)(arJ) = J2k=i c M s ( x fc)- 

6 Main construction 

We keep the notations of the previous section. Suppose that the characteristic 
of L is equal to 0. Denote the degree of K/L by n and fix a free O^-basis 
e , . . . , e„_i of Ox such that eo = 1. Further, denote 

W = L [Zj,l,z!i\ Q<j<n-1 I 1 - z[N 0k /Ol 

l<l<d \ 

where No K /o L IS ^ ne norm map from O^- to Oj,. For any O^-algebra i?, the 
map 

: Sp H(R) -> ^ 0k/0i (Sp X" 1 ])^) 

defined by i/(i?)(s)(a;;) = ^~ s(z m j)®e m , 1 < Z < d, is a bijection. Therefore, 
it gives an isomorphism v : Sp H — > ^Ok/o^CO^"*)©^) which allows to define 
the group scheme structure on Sp H. 

The augmentation ideal J of the Hopf algebra H is generated by the elements 
zi, ... , z n d, where z; = z ,; - 1, Zjd+j = Zj,u for 1 < Z < d, < j < n - 1. 
Further, zi + J' 2 , . . . , z n( j + J7 2 form a free O L-basis of J I J 2 . Thus the elements 
z\ , . . . , z nd provide a coordinate system on Sp H — Spf Hj and give rise to an 
nd-dimensional formal group law $ with logarithm A. 

Proposition 6.1. $ = H OK /o L (( ¥ m)o K )- 

Proof. Let N be a nilpotent C L -algebra. Denote N' = N ® Ql Ok- The set 
Sp H(N) is the subset of Sp H(Ol © N) which consists of the elements s € 
Hom 0l (H, O l © N) such that s(z ,;) - 1, s(z jtl ) e N, 1 < I < d, < j < n - 1. 
On the other hand, the set Kok/OlIWoJW = ( F m)o K (^') is the subset of 
(Gm)^^®^') which consists of the elements s' e Hom OK (0 K [X,X" 1 ],0 A: € 
AT') such that s'(x ; ) - 1 e N', 1 < / < d. Hence, ^(C L © AT) provides a bijection 
from Sp~7i:(A0 to (¥ m )^ K (N'). Moreover, we have Hj = A d and v(O l N) 
restricted to Sp H(N) coincides with p d (N). The formal group laws $ and 
T^-o K /0 L ((^m)o K ) come from the group structure on (¥ m ) l ^ )K (N') with the aid 
of the bijections v{Ol ® N) and Pd(AT), respectively. Hence, they coincide. □ 

Corollary. For any 1 < I < d, 

n-l /n-l \ 

^ Aj d+; (zi, . . . , z n d)ej = L m I z ld+ iei J e AT[[zi, . . . , z n d]]- 
j=o \i=o / 
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Proof. It follows from Propositions 14.31 and 16.11 □ 

Let H', v', J', be denned for the torus T" similar to H, v, J, The 
morphism r\ : T — > T" induces a homomorphism $ — > $' which corresponds to 
the morphism is'~ 1 ofjoi/: Sp Ti. —> Sp Ji! in the bases Z\, . . . , z n< 2 and . . . , z' nd ,. 

Proposition 6.2. TTie linear coefficient of the homomorphism $ — > $' of for- 
mal group laws induced by r\ is C T ® 7n • 

Proof. Let i? be a O^-algebra and s € Hornet (7i, i?). Then 

d n—X d 

{f)o v)(R)(s)(x[) = y j Ck,iv{R){s){xk) = 2J y^c fc! ;s(z m;fc ) (gi e m . 

fe=l m=0fc=l 

On the other hand, 

n-i 

(^oi/)(fl)(a)(sJ) - (i/oiZ-^^oi/)^)^)^) - ^(iZ-^o^Xs)^)®^. 

m=0 

Therefore (z/ 1 o rj o v){z' ml ) — ^2k=i c k,i z m,k- Hence, the homomorphism 

J' /J' J/J 2 induced by i/' o i)o v maps z' md , +l to 2fc=i c kjz m d+k, i.e., 
the matrix of this homomorphism in the bases z[, . . . , z' nd , and z\ , . . . , z nc i is 
C®I n . □ 

The isomorphism v allows to define a right action of Gal(A"/L) on Sp Ti, 
and hence, an action on TL and on J I J" 1 . In the basis z\, . . . , z n d, the action 
on J/J" 2 gives the representation 8 : Gal(K/L) — ► GL n d(Ci)- 

The group X is invariant with respect to the action of the group Gal(-ftV-L) 
on H ®l K which is defined by the intrinsic action on K . Thus in the basis 
x\, . . . ,Xd, it provides the representation \ : Gal(K/L) — > GL<j(Z). 

There is a unique action of Gal(K/L) on O k '■= Homc> L 0^) such 
that aa(aa) = a(a) for any a £ Ok, a £ Ok, °" £ Gal(K/L). The elements 
eo, . . • , e„_i defined by ej(ej) = Sf form a free O^-basis of Ok which gives the 
representation tp : Ga\(K/L) — > GL„(Ol). 

Theorem 2. 0(a) = x(c) ® ^(c) /or any a £ Gal(K/L). 

Proof. Suppose that = {ak,i}i<fc,i<d) V'W = {&i,i}o<i,i<n-i- Let # be an 
Oi-algebra and s £ Homo L (Tt, R). Then 

v(R)(s) £ Rom OK (OK[X,X- 1 ],R®o L O k ). 

Besides, we have the natural mapping Ok x R ®o l ®k ~ * R- Then 

§,-(-! + ((v(R)(s))a)( Xl )) = o-e.C-l + (^(J?)(s))(^)) 
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= h,ja>k,is(zid+k) mod s(J 2 ). 

i=0 k=l 

On the other hand, 



1 



+ (v(R)(sa))(xi)) = gj- 1 y j (sa)(z m d+i) ® e m = (scr)(^ d+i ). 

\m=0 / 

Thus cr(zjd+/) = E"^ 1 Sfc=i hj a k,iZid+k- □ 

Corollary. TTie Ol -linear map : Ok ®o l (X ®z 0£) — > J / J 2 defined by 
Q(e~j ® scj) = Zjd+i, is G&l(K / L)-equivariant. 

The right action of Gal(if/i) on Sp ft induces a right action on $ which 
is in fact an action of the opposite group Gdl(K / L)° on Clearly, the linear 
coefficient of the endomorphism a G Gal(ir/L) of $ is 9(a) T . 

Theorem 3. IfK/L is tamely ramified, then there exists a universal fixed pair 
(F, f) for ($, Gal(K/L)°) such that F represents t. 

Proof. According to Proposition 15 - 51 the restriction of w to 7o is an isomor- 
phism from Tq to (U Ga,l ( K / L ^)o- Proposition 15.61 implies that T is isomorphic 
to ((W ) Gal(K/i) )o- Since U a is identified with fto K / 0x ,((G m )o K ), and v is an 
isomorphism, we obtain that 7o is isomorphic to ((Sp 7i) Gal ^ K ^ L ^)o. There- 
fore T is isomorphic to (Sp H) Ga ^ K / L \ Moreover, (Sp U) Gal{ - K/L) is repre- 
sented by the algebra ft/2", where 2 is the ideal generated by elements a — aa, 
a € ft, a € Gel(K/L). Consider a formal group law F which represents 

(Sp H^l K / L ). The morphism i : (Sp H) Gai{K/L) -> (Sp ft) induces a homo- 
morphism / = t : F — > Evidently, (F, /) is a fixed pair for ($, G&\{K/L)°). 

For any nilpotent C L -algebra N, (Sp ft^^W-^ (AQ = Hom^ (ft /X, 4 ffi AT) 
consists of elements s € Hom^(ft, A AT) such that sa — era = for any a 6 ft, 
cr G Gal(AT/i), and hence, it coincides with Spft(A0 Gal(x/L) . Therefore the 

map /(AT) : (Sp H)^W L )(N) -> Spft(A^) Gal < K / L ) is bijective, and by Propo- 
sition 13. 11 (F, /) is a universal fixed pair for ($, Gal(Ayi) ). □ 

7 Tori split over a tamely ramified abelian ex- 
tension of Q p 

We keep the notations of Section 6. Suppose that L = Q p , and 
tamely ramified abelian extension. In this case K = K\Ki, where K\ 
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unramified extension of degree ni, and K 2 /Q p is a totally ramified extension 
of degree n 2 , n = n\n 2 . Then A"i = Q p (£), where £ is a primitive (p™ 1 — l)-th 
root of unity; K 2 = Q p (tt), where 7r™ 2 = pe, e £ Z* and n 2 \ p — 1. The group 
GalfX/i^) is isomorphic to Gal(ifi/Q p ) Z/ ni Z. Take cti G Gal^/i^) 
such that (Ji\k 1 is the Frobenius automorphism. Then o\ generates Gal(K / K 2 ) . 
The inertia subgroup G&\(K/Ki) of Gal(K /Q p ) is isomorphic to Gal(K 2 /Q p ) = 
Z/n 2 Z. Let £ be a primitive n2-th root of unity. Take a 2 £ Gal(K / Ki) such that 
= C 71 "- Then 02 generates Gal^/i-Ti). Consider the following Z p -basis of 
O k : e in2+j = < i < m - 1, < j < na - 1. 

If k G jSf [[j/i, . . . ,y m ]] then there exist unique K^' £ Ki[[yi, . . . , y m ]], < 
j < n 2 — 1, such that k = Y^jL^) 1 h^tt^. 

Lemma 7.1. \De\ Proposition 1.7, Proposition 1.8] Let A = c *2/ 1 S 

-f^[[j/]] &e smc/i £/iai p k c rp k £ Ok for any non-negative integers r, k. If tp £ 
K [[yi, ■ ■ >,Vm]], then 

mod p; 

(ii) (A o p)0') = \<J) o 93(0) mod O k for < j < n 2 - 1. 
Proposition 7.2. A is 0/ £j/pe i> = p/„d — Id® Jn 2 ® ^mi. 
Proof. For any 1 < Z < d, consider 

ni — 1 77,2—1 

— ^ ^ z (m 2 +i)d+iem 2 +j G Oif[[2|,Z ( i + I,...,Z(„_i) d+i ]]. 
t=0 j=0 

By Corollary from Proposition [BTTJ we have 

712 — 1 Hi — 1 

y A (m 2 +j)d+Z e m 2 +j = Ib m ° 
j=0 i=0 

which implies X^=o 1 A (™ 2 + J )<i+i<? ,! = ( L "> <^) (j) for an y < j < n 2 - 1. 
If j 7^ 0, then by Lemma [77X1 

TOl — 1 

A ( m2 +,)d+^ = 1$ o ^ (0) = mod 

7=0 

whence M(m 2 +i)d+i = mod P- 

If j = 0, then Lemma I7TT1 implies K in2 d+i£, pt = L m o ipj ^ mod p. 

We consider the action of A on . . . , z n d\] introduced in Section 2. 

Then applying Lemma [2741 we get 

711 — 1 

(p - A) 5~J A ;n 2 d+*£ P< = (p - A)(L m o <^ (0) ) = ((p - A)L m ) o ^ (0) = mod p. 

i=0 

Therefore 

Hi — 1 ni — 1 

P A ^ 2 d+i£, p * = 53 (AA m2d+i )^ mod p. 

i=0 7=0 
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Hence pk m2d+l - kk 
AA 



(ni — l)n 2 d+l 



mod p. 



(i—l)n 2 d+l 



mod p for 1 < i < rii — 1 and pA; 



Thus pA = WAA mod p and VF = {w a ,/3}i< Q ,/3<„d where w in2+ ixi-i)n 2 d+i 



1 for 1 < i < ni — 1, 1 < I < d and Wi 



(ni — l)n 2 d+l 



1 for 1 < I < d, the other 
□ 



entries being equal to 0. Therefore W = I d <£> J« 2 ® as required. 

For < i < ni - 2, < j < ri2 - 1, we have cri(ei„ 2+ j) = e( i+1 )„ 2+i , 
fi(e( ni _i)„ 2+:) ) = e 3 , i.e., in the basis eo, . . . , e„-i the automorphism o\ is given 
by the matrix J„ 2 (g> P ni . Therefore, = ((7„ 2 ® Pn 1 )~ 1 ) T = In 2 ® -Pm- 

Denote t/i = x(^i) T - Then by Theorem H 8(ai) T = U x <g> I n 



P T . 

ni 



Lemma 7.3. If 



C 



andD — U\®I n 



( u^ 1 



U{ <g> I n 

\ur ii+1 ®i n j 



Ql 



5F„ J i; thenQ^DQx-Ind = 
D G M n d- n2 d(Z), and CZ? + D is invertible. 
Proof. First, notice that 

/ o 



Ui®I n 



Pi 





V^l In 



Ui®I n 







In 2 d 

c 



D 
D 





Ux®In 










where DgM 



n^d^nd—n^d 



(Z), 










Then one can directly compute that 1 DQi — I n d is of the required form with 



D=(U 1 ® I n2 



0) G M n2d , nd - n2d (Z), and 



-21, 



D 



n 2 d 



-U^ 2 ®I n 



"1+3 ( 

-m+2 , 



Ui <g> I„ 2 

— I-n 2 d 







— I-n 2 d 






- 1 n 2 c 









Ui <g> I„ 2 

— pi 2 d 



The last assertion is now obvious. 



G M nd _„ 2d (Z). 



□ 



Lemma 7.4. I7M Lemma 3.3] Let Q = TLjnTL, (n,p) = 1, and M be a finitely 
generated ¥ p [Q\- module. Then there exists a unique up to isomorphism Ji p [Q\- 
module M which is free as a Z p -module and such that M ®% v ¥ p = M. 
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Proposition 7.5. Let Q = Z/r^Z, n 2 \ p — 1, a be a generator of Q and M 
be a finitely generated Z p [Q] -module which is free as a 7L p -module. Then there 
exists a free 1 p -basis of M consisting of eigenvectors of a. The multiplicity of 
the eigenvalue 1 is equal to rkz p M^. 

Proof. Since {n 2 ,p) = 1, the algebra ¥ p [Q] is semisimple by Mashke's Theorem, 
and the F p [£/]-module M £§>z ¥ p is isomorphic to the direct sum of irreducible 
F p [CJ]-modules. Let Mo be an irreducible F p [£]-module, and x £ Mo, i / 0. 
Then = (a'' 12 — l)x — n"=i( CT ~ Q) x i where (i, . . . ,£ n2 are the n 2 -th roots 
of unity. Therefore, there exist y £ M, y ^ 0, and an index 1 < i < n 2 such 
that (cr — = 0. Obviously ¥ p y is an F p [(?]-submodule of M . Since M is 
irreducible and y ^ 0, we get ¥ p y — M, i.e., every irreducible F p [Cf]-module 
is one-dimensional. Thus there exists a free F p -basis mi , . . . , uid of M ®i p ¥ p 
consisting of eigenvectors of a. Let en £ F p be the eigenvalue of the vector raj, 
1 < i < d. Define a Zp[(?]-module structure on M' — "L p by a(a\, . . . .aj) — 
{a%ai, . . . , adad), where on £ Z p is the multiplicative representative of on, 1 < 
i < d. Then M' ®z p ¥ p = M ®z p ¥ p . Therefore, Lemma EH implies that 
M = M' . □ 

For < i < rii — 1, < j < n% — 1, we have a 2 (e.in 2 +j) — C 3e in 2 +j and 
o~2(ein 2 +j) — C~ J &in2+ji i- e - ; i } { (J 2) = V ® I ni , where V is the diagonal matrix 
with j-th diagonal entry equal to C — J ■ 

Denote do = rk% p (X ®z Z p ) <<T2> . Then by Proposition 17. 5( there exists a 
free Z p -basis y±, . . . ,yd of X ®z Z p consisting of eigenvectors of cr 2 such that 
the eigenvalues of y±, . . . , ya are equal to 1, and the eigenvalues of yd Q +i, ■ ■ ■ ,yd 
are not equal to 1. Let W £ GL^Zp) be the transition matrix from y\, . . . 
to £1, ... , Xd- Then W x( a 2)W is a diagonal matrix with l-th diagonal entry 
equal to ( H , where i; = for 1 < I < do, and 1 < ii < n 2 — 1 for do + 1 < I < d. 

Denote U 2 = x(°~2) T ■ Then by Theorem^ 6>(cr 2 ) T = U 2 ® V ® I ni . 

Define a permutation r of the set {1, . . . ,n 2 d} in the following way: for 
< j < n 2 — 1, 1 < I < d put r{jd + I) = jid + I, where ji is the reminder 
of the division of j + ii by n 2 . Then r(i) — i for 1 < i < do and r(i) > d for 
do + 1 < i < d. 

Lemma 7.6. If P T G M n3( j(Z) is i/ie matrix of t, i.e., P T = {5a }i< a ,/3<n2d> 

Qi = {{W T ) ® 7„ 2 )- x P T and £> = J7 2 ® V, tten Q^DQ 2 - /„ 2d = 

where D £ M„ 2( j- c i(Zp) is invertible. 

Proof. As we showed above, (PF T ® /^^(W^ O /„ 2 ) _1 = (W _1 x(o-2)W) T ® 
is a diagonal matrix with the (jd + /)-th diagonal entry equal to for 
< j < w 2 — 1, 1 < I < d. According to the definition of r, we obtain that 
P~ 1 (W T ® I n2 )D(W T ® I n2 )~ 1 Pr is a diagonal matrix with first <i diagonal 
entries equal to 1 and the rest of the diagonal entries equal to C for 1 < i < 
i%2 — L Hence, Q 2 ~ 1 DQ2 — In 2 d is of the required form. Finally, since C l — 1 is 
invertible for 1 < i < n 2 — 1, we get that D £ M„ 2( j_d(Zp) is invertible. □ 
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The character group of the maximal subtorus T s (resp. T a ) of T which is 
split (resp. anisotropic) over K\ is canonically isomorphic to X/Keip s (resp. 
X /Kerp a ), where p s : X — > X and p a : X — > X are defined by 



E < 

CTGGal(if/_ffi) 



a 2 x 



■a^x, 



p a (x) = a 2 (x) - x. 



Denote d s = dimT s , d a = dimT a . Then d s +d a = d (see |Wa[ Section 7.4]). Let 
X\, ■ ■ ■ , Xd s and xi, . . . , x da be free Z-bases of X /K.evp s and X /Kerp Q , respec- 
tively, and let \ '■ Gal(Kx/Q p ) — > GLd s (Z) be the representation corresponding 
to xx, . . . ,Xd s . Denote U\ = x((Jx\k 1 ) T ■ 

Let T' s , T' a , p' s , p' a , d' s , d' a be defined for the torus T similar to T s , T a , 
p s , p a , d s , d a - Let x'x, . ■ ■ , x' d , and x' x ,...,x' d , be free Z-bases of X'/Keip' s 
and X' /Kerp'a, respectively. The morphism rj: T — » T" induces the morphisms 
rjg : T s — > T' s and rj a : T a — > T„ which correspond to homomorphisms X' /Kevp' s — > 
A?/Kerp s and X' /Keip' a — > A"/KeryO a . Denote the matrices of these homomor- 
phisms in the chosen bases by C s € M-d a ,d' s (Z) and C a € Md al d' (Z), respectively. 

Theorem 4. Let T, T' 6e tori over Qp which are split over an abelian tamely 



ramified extension K of 
morphism. Then 

I. A formal group law with logarithm of type 



T , T be their Neron models, and ly. T — ► T' be 



represents T. 

II. XTie linear coefficient of the homomorphism of formal group laws corre- 
sponding to T and T' in the sense of part I induced by r/ is equal to 











Proof. I. According to Theorem [31 a formal group law which appears in a uni- 
versal fixed pair for ($, Gal(K/Q p )) represents T. By Theorem[T]we can take 
a universal fixed pair (Fx, fx) for ($, (ci)) such that the linear coefficient of fx 
is Q\Ind,n 2 d, and the logarithm of Fx is of type ux, where ux is the upper-left 
n 2 d x ri2<i-submatrix of Qx vQx f° r w and Qi being from Proposition 17.21 and 
Lemma 17.31 respectively, i.e., 



V = plnd 



( o 

Id O J„ 2 




V o 






Id <8> Jn 2 









Id ® Jn 2 \ 
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Qi = 



( In 2 d ••• \ 

U^®I n2 J„ 2d 

r 2 <S> In 2 



U7 2 ®I no 



An easy calculation shows that u\ = pl n2 d - Pi® Jn 2 k. The linear coefficient 
of /i is equal to Q\I n d,n 2 d- The action of (0-2) on $ induces the action on F\ 
by condition f\o o' 2 = o 2 ° fi for cr 2 <E Autz p (Fi). If Z G M„ 2 d(Z p ) is its linear 
coefficient, we have I n d,n 2 dZ = Q± (U2 <E> V ® I ni )QiInd,n 2 d, which implies that 
Z is the upper- left n-id x ri2(i-submatrix of <5 1 " 1 (C/2 ® V ® I ni )Qi- An easy 
calculation gives Z = U2 ® V. 

By Theorem Q] we can take a universal fixed pair (I<2, /2) for (cr 2 )) such 
that the linear coefficient of fa is Q2ln 2 d,d, and the logarithm of F2 is of type 
U2, where 1*2 is the upper- left d x d-submatrix of 

Q2 1 U l Q2=pIn 2 d-Q2\U 1 ®J n2 )Q2k= P I n . 2d -P-\W- 1 X {vi)W®J n2 ) T P T k 

for Q2 being from Lemma 17.61 Properties of the permutation r imply that the 
upper-left dxd-submatrix of P~ 1 {W~ 1 x{vi)W®J n2 ) T P T is equal to jj 

Md(Zp), where U\ is the upper-left do x do-submatrix of (W~ 1 x(ci)W) T . 

If we extend p s and p a on ^(gi^Zp, then we get p s (yi) = fi2Vi and p a (yi) = 
for 1 < I < d , p s (yi) = and p a ( yi ) = {(*> ~ l) Vl for d + 1 < I < d, 
and consequently, Kerp s = (yd +i, ■ • ■ , Vd), Kerp a = (y x , . . . , y do ). Moreover 
yi + Kerp s , . . . , y do + Kerp s and y<i +i + Kerp a , ...,y d + Kerp a are free Z p -bases 
of (A , <g>zZ p )/Ker J o s and (X <g)zZ p ) /Keip a , respectively. Clearly, xi, . . . ,Xd„ is a 
free Z p -basis of (X /Kerp s )(g)zZ p — (X®z"L p )/Kerp Sl and x\, . . . , id a is a free Z p - 
basis of (A'/Kerpo) ®z Z p = (A" ®z Z p )/Kerp a . It yields in particular do = d s . 
Denote by W s € GL<i s (Z p ) the transition matrix from y\ + Keip Sl . . . ,yd s + 
Ker/o s to Xi, . . . , id s and by W a € Ghd a (Z p ) the transition matrix from yd 3 +i + 
Kerp Q , ...,y d + Kerp a to x 1, . . . , x da . 

The matrices W~ 1 x{pi)W and W~ 1 \(o'2)W commute, therefore the former 
is a block diagonal matrix with two blocks of size d s x d s and d a x d a . One 
can easily see that its upper-left block coincides with W~ 1 x(ai)W s . It implies 
Ui = WftJx{Wj Thus 

«2 = Pln 2 d ~ I 8 g q 

Now (i 7 ^, /10/2) is a universal fixed pair for ($, Gal(if/Q p )) by Proposition [3T3l 
According to Proposition 12.31 (i) , (iii) , there exists a formal group law F3 
whose logarithm is of type 

wT) U2 ( wT) =pId -[ j 
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and 

/« - ( w - a- 

is an isomorphism from F% to F 2 . Thus, (F3, fi o f 2 o / 3 ) is a universal fixed 
pair for , G&\(K / Q p )) with F3 as required. 

II. The homomorphism <f> — > $' induced by 77 commutes with the actions 
of G&\(K/L) on <!> and According to Proposition 16.21 its linear coeffi- 
cient is equal to C T ® Let and (F{,f[) be as above. Then by 
Proposition 13.21 we get a homomorphism Fi — > F{ whose linear coefficient Z\ 
satisfies Q\I n d' .n 2 d'Z\ = (C T <g> I n )QiI n d,n 2 d- It implies that Z\ is the upper- 
left n 2 d! x n 2 G?-submatrix of (5' 1 _1 (C T ®In)Qi- An easy calculation shows that 
^! = C T (g)I n2 . The homomorphism i<\ — > F[ commutes with the actions of (a 2 ) 
on _Fi and F{. Then Proposition l3 . 21 yields a homomorphism F 2 — > whose lin- 
ear coefficient .Z^ satisfies Q' 2 I n2 d' ,d' Z 2 = (C T <g> I n2 )Q2ln 2 d,d- Hence, Z 2 is the 
upper-left d! X cZ-submatrix of Q' 2 _1 (C* T ® I„ 2 )Q 2 = ^ 1 ((^~ 1 ^') T ®- r n2)-P-r- 

Let W~ X CW = {ci,i>}i<i<d-i<i'<d>, Z 2 = {c V d}i<v<d';i<i<d- Then direct 
computation shows that c v .i = ■ Since {W^CW'^W'- 1 ^ {a 2 )W) = 

(W- 1 x(e2)W){W- 1 CW), we obtain that if i x £ i[„ then c hv = 0. It yields 
Z 2 = (W- 1 CW') T . Since i x = i' v = for 1 < I < d s , 1 < I' < d' s and i x ^ 0, 
i[, 7^ 0, for d s + 1 < I < d, d' s + 1 < I' < d', we obtain that Z 2 is a block-diagonal 
matrix with two blocks of size d' s x d s and <i' Q x d a . One can easily see that the 
upper-left block is {W- 1 C S W' S ) T and the lower-right block is {W- 1 C a W' a f . 

fs (/') 1 

Finally, the linear coefficient of the composition F3 — -> F 2 — ► F 2 -2— > F3, is 
equal to 

(^) T J Za 1 wjj - ci 

as required. □ 

Corollary. Suppose that the assumptions of Theorem ^ are satisfied. 

I. T is isomorphic to the direct sum of a p-divisible group and d a copies of 
the additive formal group scheme. 

II. If K/Qp is unramified, then T is represented by a formal group law whose 
logarithm is of type pld — U\k. 

III. If K/Qp is totally tamely ramified, then T is isomorphic to the direct 
sum of d s copies of the multiplicative formal group scheme and d a copies of the 
additive formal group scheme. 

Part II of the above Corollary follows from Theorem 1.5 of (DN j . Besides, 
Theorems 0.1 and 1.3 of |NX| imply that part III holds for the reduction of the 
formal group scheme T. 

Lemma 7.7. Let F , F' be d-dimensional formal group laws over Z p with log- 
arithms of types u, u' , respectively, such that their reductions are isomorphic. 
If 

0\ , fS' N 



Pld - [ Q J A, u =pl d , Q Q 
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with matrices S G GLd 1 (Z p ), S' € GL4' (Z p ), then F and F' are isomorphic. 

Proof. By Theorem 6 of |Ho2j . there exist w, z E GLd(£ ) such that u'z = wu. 
In particular, it implies d[ = d\. Denote by u, u' , z, w the upper- left d± x d\- 
submatrix of it, v! , z, w, respectively. Then we get ii'z = wu. Let A, A' be of 
types u, u', respectively. By Proposition 12.31 (i), A and A' are the logarithms of 
formal group laws F and F' . Obviously, F is isomorphic to the direct sum of 
F and d — d% copies of the additive formal group law, and F' is isomorphic to 
the direct sum of F' and d — d\ copies of the additive formal group law. Thus 
it remains to show that F is isomorphic to F' . Let 



z z 



with z S M dl , d _ dl (£). Since 



I* \ A 

wu = „ mod r>, 
V* 0/ 



we get u'z = mod p. Therefore z, = mod p, and since z is invertible, 
z is also invertible. Take D S GL c j 1 (Z p ) such that 5 = D mod ▲. Then 
A" = Z? _1 zA is of type uz~ 1 D, and hence, by Proposition 12.31 (i),(iii), the 
formal power series A" is the logarithm of a formal group law F" over Z p which 
is isomorphic to F' . Since (A^ 1 o «- 1 DA")(X) = X, Theorem 5 (ii) of [Ho2] 
implies that the reduction of F coincides with that of F" . Since u = pld 1 — SA 
and S" is invertible, F is a p-divisible group of height d±. Then by Theorem 2 
of [DGj . any deformation over Z p of the reduction of F is isomorphic to F. In 
particular, F" is isomorphic to F. □ 

Proposition 7.8. Let T, T' be tori over Q p which are split over an abelian 
tamely ramified extension of Q p; and T, T' be their Neron models. If the re- 
ductions of T and T 1 are isomorphic, then T and T' are isomorphic. 

Proof. It is clear that the reductions of T and T are isomorphic. Then by 
Theorem |4l T and T' are represented by formal group laws which satisfy the 
conditions of Lemma 17.71 Therefore T and T' are isomorphic. □ 

Remark. It is easy to give an example of tori T, T' such that T and T' are 
isomorphic, but the reductions of T and T are not. Take K to be the unramificd 
extension of Q p of degree 2, and define x, x' '■ Gal(if/Q p ) — ► GL2(Z) as follows: 

x(a p) =(; x'(a p) =(; j 

Let T, T" be tori over Q p corresponding to the representations XiX' ■ Then 
the connected components of the reductions of T, T are tori over F p which 
correspond to representations x>x' : Gal(F p 2/F p ) — > GL 2 (Z) defined by 

X(A P ) = (J X'(A P ) = (5 J 
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Clearly, these representations are not isomorphic, and hence, the reductions of 
T and T are not isomorphic. On the other hand, by Theorem [4] T, T 1 can be 
represented by formal group laws with logarithms of types u — p/ 2 — x(A p )A, 
u' = pli — x'(A p )k, respectively. Since 

U (-l l) = (-l l)"'' 
Proposition 12.31 (iii) implies that for p 7^ 2, T and T' are isomorphic. 

8 One-dimensional tori over Q 

We keep the notations of Section 6. Suppose that T is a non-split one-dimensional 
torus over L = Q which is split over a tamely ramified quadratic extension K 
of Q. Then d = 1, n = 2, Ga\(K/Q) = {id Q ,cr} and the discriminant of O k 
is odd, i.e., there exists £ € Ok such that 1,£ form a free Z-basis of Ok and 
q = (er(£) — £) 2 is odd. Let x 2 — ra; + s£ Z[X] be the minimal polynomial for 
£. Then q = r 2 — 4s. Finally, put eo = 1, ei = £. 

Proposition 8.1. A is of p-type v p = p/ 2 — Vp^p> where 

if (;) = i 
*r (§) = -! . 

Proof. Let (p, g) = 1. Then Q P (£)/Qp is an unramified extension of degree 1, if 
(^) = 1, and 2, if = — 1. Indeed, for p 7^ 2, it follows from the definition of 
the Jacobi symbol, and for p = 2, it is true, since 9=1 mod 4. 

Denote <p(zi,Z2) = Z\ + £#2- By Corollary from Proposition 16. 1[ we have 
Ai + A 2 £ = L m o p. 

We consider the action of A p on 22]] introduced in Section 2. Then 

according to Lemma 

(p - A p )(Ai + A 2 £) = ((p - A p )L m ) otp = mod p. 

If (~J = 1 ; then A p (£) = £, and we get pAi — A p Ai = mod p and pA 2 — 
A P A 2 = mod p. If (p) = — 1 5 t nen A p (£) = r — £, and we obtain pAi — 
A p (Ai + rA 2 ) = mod p and pA 2 + A p A 2 = mod p. Thus in each case, A is 
of the required p-type. 

We proceed with the case p | q. Since 1, £ is a free Z-basis in Ok, P 2 \ 9- Let 
7r = r — 2£. We have 7r 2 = 9. Therefore, Q p (£)/Q p is a totally ramified extension 
of degree 2, and eo,ei form a free Z p -basis of Z p [£]. Then Proposition 16.11 
implies that $ = 7^ ZpK] / Zp ((F m )^ ,£,). Take = 1, e[ = n, and denote $' = 



14 
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^ZpK]/z P (( Fm )z p [£])- Let A' be the logarithm of Then by Proposition Ol 
we get A -1 o (I d (g) W)A' £ Hom Zp ($', $), where 



IF = 



1 r 

-2 



Applying Proposition 17. 21 for the data d = 1, rii = 1, ria = 2, we deduce that A' 
is of p-type p/2 — J-2± P - Hence, Proposition 12.31 (iii) implies that A is of p-type 
pl2 — WJ2W~ 1 k p just as required. □ 

Since er(£) = r — £, in the basis eo, ei the automorphism a is given by 
the matrix ^ . Therefore, ip{<r) — ^ . Since T is non-split, 

X(o-) = -1. Then (9(cr) T = f" 1 b y Theorem H 

For a prime number p, let S(p) = (^j , if (p, g) = 1; 5(p) = 0, if p | g. Further, 
let Fh be defined as at the end of Section 2. Due to Proposition 12.51 F3 is a 
formal group law over Z. Finally, denote the formal group laws F r<s (x,y) — 
(x + y + rxy)(l — sxy)^ 1 and F q (x,y) = x + y + \Jqxy. 

Proposition 8.2. Let T be a non-split one- dimensional torus over Q which is 
split over a tamely ramified quadratic extension o/Q, andT be its Neron model. 
Then 

I. F~, represents T ; 

II. Fs is strongly isomorphic to F r ^ s over 1; 

III. Fx is strongly isomorphic to F q over Z[£]. 

Proof. According to Theorem G2 a formal group law from a universal fixed pair 
for ($,Gal(Q(£)/Q)) represents f. Take 



-r (r+l)/2 
2 -1 



Then condition (iii) of Theorem [Tjl is obviously satisfied for L — Q p and any 
prime p. Further, applying Proposition 18.11 one can directly check that the 
upper-left entry of Q~ 1 v p Q is equal to pld — k p . On the other hand, Propo- 
sition [275] implies that the logarithm of Fx is of p-type pld — E.(p)k p . Then by 
Proposition 13. 51 there exists fs € Homz(Fx, $) such that (Fx, fx) is a universal 
fixed pair for ($, Gal(Q(£)/Q)). Thus Fx represents T . 

Proposition 16.11 implies that $ = ($i,$2), where #2; j/i, 1/2) = %i + 

yi +a?ij/i - SX22/2, $2(2:1, ^2; yi, 2/2) = £2 +y2 + £12/2 + £22/1 + ra 2 2/2- Besides, 
one can check that g(x\,X2) = x 2 (l + xi)^ 1 belongs to Hom^^, F r>s ) and its 
linear coefficient is (0, 1) € Mi^Z). According to Proposition ^. 31 (ii). for every 
prime p, there exists v! € £ p such that the logarithm X r s of i 7 ^ is of p-type 
Up. By Proposition 12.31 (iii). we have u' p (0, 1) = (w p ,w p )v p for some w p ,w p € 
£ p . Applying Proposition 18.11 we obtain w) p = and u p = w p (p — S(p)A p ). 
Therefore, tD p = 1 mod A p , and A rjS is of p-type ■u;~ 1 M p = p— S(p)A p . Further, 
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Proposition ^. 31 (iii) implies that X~l o\ s £ Homz p (Fs, F r>s ). Since it is true for 
any prime p, A^oAh 6 Homz(Fs, F r s ), i.e., Fs and F r s are strongly isomorphic 
over Z. 

Finally, if ^/g = r - 2£, then ar(l + ^a;)" 1 e Hom ZK] (F r , s , F q ). □ 

Part I of the above Proposition is a special case of Theorem 1.5 of [DNj . and 
part III is precisely Theorem 4 of [ Hoi] . 

9 Tori split over a tamely ramified abelian ex- 
tension of Q 

We keep the notation of Section 6. Suppose that L = Q and K/Q is a tamely 
ramified abelian extension. Due to the Kronccker- Weber Theorem, one can 
replace K by a larger field so that K = Q(£), where £ is a primitive <7-th root 
of unity and q = p\ • ■ ■ pk is the product of distinct primes p.j . Then K is the 
composite of the extensions Q (6) /Q, 1 < i < k, where 6 = and the degree 

of K/Q is n = (pi - l)-- - (p A - 1). Denote JQ = Q Pi (£ l5 . . . ,6-1,6+1, ■ ■ - ,&)■ 
For any z = 1, . . . , fc, fix Sj € Z such that Sj is a multiplicative generator 
modulo pi, i.e. Sj ^ mod pi and sf ^ 1 mod pi for any 1 < a < p t — 2. 
Further, for any integer I relatively prime to pi, take < rj(Z) < pi — 2 such 

that I = ^ mod pi. Denote also rii = YVj=i(Pj — 1) f° r 1 < « < fc. Consider 
the bijection 

fc 

7: IJ{0 J ...,p j -2}-f {0,...,n-l} 

j=i 

given by 7(0(1, Qffe) = 53i=i '-^i ■ Notice that for any matrices 17 ^ = 
{ a a 1 ) ,/3 i }o<Q l ,/3 l < Ps -2, 1 < i < k, and U {1) <g> • • • <g> U^ k) = {a a ,t}o< s ,t<n-i, we 
have a 7(Qli ... jQfc)i7((3li ... i/3fc) = • • -a^. 

For < aj < pi - 2, 1 < i < fc, put e 7 ( Qli ... iQfc) = n,=i C* 4 ■ Obviously, 
eo, . . • , e„_i is a free Z-basis of Ok — Z[£]. 

Proposition 9.1. A is of p-type v p = pl n d — Id® V p k p , where V p = P^fl ® 
■ ■ ■ ® Pp*—i if P 7^ Pi f or an y i — 1 , ■ ■ • , fc and 

Proof. Let p ^ Pi for any 1 < i < fc. Then Q p (£)/Q p is unramified. For any 
1 < I < d, consider ipi = ^2™Z z id+i e i- By Corollary from Proposition 16. 1[ we 

have J2"=o ^jd+i e j = L m <Pi for an y 1 < / < d. 

We consider the action of k v on Q p (£)[[zi, . . . , z n d\] introduced in Section 2. 
Then applying Lemma |2~41 we get 

n-l 

(p - k p ) ^ ^jd+i £ j = {{P - A P )L m ) o^=0 mod p. 
3=0 



28 



Hence, Y7j=o V^ 3 d+ie 3 = E"=(j( A p A i<w) e ? mod p. If < a u a- < p» - 2, 1 < 
i < k, are such that = a, + i"i(p) mod pi — 1, then ej\ i « — e 7 ( a / 
Therefore, we obtain 

)d+; = mod p. 

Thus A is of the required p-type. 

We proceed with the case p = pi. Since eo, . . . , e„_i is a free Z Pi -basis of 
Z Pi [£], Proposition [6T] implies that $ = '^■z n ^]/z Pi ((^m)i p .[^)- Take tt, such 

that 7rf i_ = — ^. Then by Lubin-Tate theory, Q P4 (£») = Q Pi (^i) and there 

exists W = {w a ^} <a,p< Pi ~2 e GL Pi _i(Z Pi ) such that 7rf = ^,tT 2 w^Mi* for 
any < /3 < p 4 - 2. 

Take e' , . . . , e^_ x , another free Z Pi -basis of Z Pi [£], where 

< (ai at ) =*f II 0<a l <p,-2,l< i <fc. 

l<3<k,j& 

Denote for this basis $' = 72.^ g]/ z ((F m )| g])- Let A' be the logarithm of 
then Proposition [44] implies that A -1 o (I d ® M / )A' g Hom Zp (<i>', $), where 

W = I Pl -i ® • • • ® ip 4 _i-i 8^8 I Pi+1 -i ® • • • <8> ip fc -i. 
For any 1 < I < d, consider tp[ = J2o<i< n -i z id+ie'i- By Corollary from Propo- 
sition EH we have Eo<i<n-i Kd+i e 'i = L m ° 

Remind that for any k € Qp,(C)[[yii ■ ■ ■ )2/m]]j there exist unique k^' G 
^[[yi, ■ ■ • ,Vm]], < j < pi - 2, such that k = Ej=o 2 K^M- Thus for any 
< on < pi - 2, 

e a w,.,^ + *ik ? =(L m °^) (a<) - 

If ctj 7^ 0, then by Lemma [7711 

0<ctj<pj —2 j^i 

whence M 7(ctl ^ ak)d+l = mod K . 
If a,i = 0, then Lemma 1 7. II implies 

E Kicu-^d+lYi^/ =^ m °tp'i {a) mod K . 

0< aj < Pj -2 jjH 

We consider the action of k Pi on Ki[[z\, . . . , z n( j]] introduced in Section 2. Then 
applying Lemma 12.41 we get 

(Pi - e a *«i....,«>)«w n*?' = (p* - ( l ™ ° ^ (0) ) = 

0<au-<f>j — 2 j'^i 
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((pi - k Pz )L m ) o (^ (0) = mod 

Therefore, 

As before, choose < a', < pj — 2 for j = 1, . . . , i — l,i + 1, . . . , k such that 
a'j = oij + rj(pi) mod pj — 1 and put on = 0. It gives 

P' ; ^-7(a' 1 ,...,a^)d+i = A P> ^7(01 ,. . . ,a k )d+l m °d Pi- 

Thus A' is of a p^-type v' = Pil n d — Id® V'k Pi , where 

v' = p;^®---®p;: : ^®j Pi . 1 ®p;:^®---®p;^. 

Hence, by Proposition [23] (in), A is of Pi-type v = (I d ® W)w'(Jd ® VF) -1 = 
Pi/nd - Id ® ^A Pl , where V = WV'W~ l . 

Since 1 = J2a=o(-& )> we § et '"^o = -1 for any < a < p, - 2, i.e., 
all entries of the first column of W are equal to — 1. Further, let W~ x — 
{w' a .p}o<a,0< Pi -2- For any < (3 < p { - 2, there exists rp € Gal(Q Pi (&)/Q p J 

such that 773 (&) = . Denote C/3 = Tp(iti) / iti- Then C^ _1 = 1; C/3 € and 
hence, 773(6) = ££T 2 KflTpW* = Y%=o w 'a,oCpK which implies w' afi = 
C/3 «4 l0 - Since E|tTo 2 C/3 = for any 1 < a < p t - 2, we get 

Pi-2 ^ pi-2pi-2 
0=0 a=0 0=0 

and then w' a — w' Q = — (p, — i.e., all entries of the first row of W' 1 are 

equal to — (p 4 - Therefore, WJ^-iW^ 1 — (p, — l) _1 Jp x , and thus 

Clearly, A is also of p^-type {I n d — Id® W k Pi )v, where 

w = P ;^®- ■ ■®j??- i 5f ) ®(j w - 1 - (n - i)- 1 ^-!)®^ 1 ^®- • -®p;:^- 

Finally, since (l P( -i — (pi — l)~ 1 J p ._ 1 ) J p ._ 1 — 0, we obtain that A is of the 
required pi-type. □ 

Let crj S Gal(Q(£)/Q), 1 < i < k, be such that a;(&) = £?% Oife) = for 
j 7^ i. They span Gal(Q(£)/Q) and, in the basis eo, . . . ,e n _i, are given by the 
matrices 

Pi = 7 pi _i ® ••• ® /p^!-! ® fp ( -i ® 8> ••• ® ipfc-i- 
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Therefore, Vfa) = {P^Y = Pi- Denote U l = x(^) T ■ Then UiUj = U j U t and 
by Theorem H B{ui) T = A ® PT . 

From now on, we employ the "matrix-of-matrices" representation described 
in Introduction. Denote A = Ui® — I nd . Then, under our convention, A = 
{dg} € M n (M d (Z)), where dg = A -^/ d for n t = \\[, \:,,, -1) = 7 ( e< ), 
and £j stands for the fc-vector (0, . . . , 1, . . . , 0) with unity on the i-th position. 

Lemma 9.2. Denote = U^ ai ■ ■ ■ U^ ak for < a t < Pi - 2 and let Q = 
{q Si t} € GL„(M d (Z)) } where 

j [/< Q \ if 7(/3) = and 7 (a) 7^ 

L 7(a) a ' 



TTien for any 1 < i < k, 

Q- 1 D l Q = 



A 
A 



where A G M hn ^(M d (Z)) and A € M„_i(M d (Z)). 

Moreover, for any prime p there exist C*f p) € M n _ M (M d (Z p )) and Cj p) € 
M„_i(M d (Z p )) sucA that E- =1 C\ p) bi + cf } A € GL n _i(M rf (Z p )). 

Proof. Observe first that = {g^ t } e GL„(Md(Z)) is the matrix given by 
q' s t = —q s ,t if s — and i 7^ 0, and t = q S:t otherwise. 
We have Q" x DiQ = {a^}o< a ,t<n-ij where 

n-l 

„(*) _ J j(») - 

s',t'=0 

Direct calculation shows that 

oo,o = + ^i^ <ei> = + ^r 1 = 

and 

a (l > , n = U {a) -U^UiU^ =0 

7(a), £ 

if 7(0) 7^ 0, proving the first assertion. 

In order to prove the existence of C\ and C\ , we need to compute ex- 
plicitly the matrices A = {a\ }i<t< n -l an d A = {ct^ t}i< s ,t< n -i- Here we 
get 

h {i) - n [i) - U- 

a t — a 0,t — °iii U t 

and 

7(a), 7(p) ni 1 ■y(a)-\-rii 1 7(a) 

for 7(a) ^ and j(/3) ^ 0. 
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By Lemma 13.41 we only need to prove that, for any prime p 

(ntiKer (A ®F„)) n (ntiKer (A ® F p )) = {0}. 

Let (ii, . . . ,a;„_i) € F p be such that (xi, . . . ,x n -i) lies in the intersection of 

the kernels. Denote U l = U, <g> F p G GL d (F p ), U (a> = U {a) <8> F p € GL d (F p ). 
Then, for any 1 < i < fe, we have 

UiXm = 
which gives 

f 3<n< = 

This implies x s = for any 1 < s < n — 1 as required. □ 

For a prime number p, define S(p) € Mrf(Z) in the following way: \i p ^ pi 

for any 1 < i < k, put H(p) = flti U ? iP) = x(A P ) T , where A p G Gal(Q(£)/Q) 
is the Frobenius automorphism corresponding to p; if p = pi, put 

aw = ( - E c/n n ^? (Pi) - (*a -E x(-) T ) x(a p j t , 

\ 3=0 J l<J<k,j^i \ TEG Z ) 

where G t = Gal(Q(£)/Q(a, ■ ■ -,6-1,6+1, ■ • .,&))> an d A Pi G Gal(Q(0/Q(&)) 
is the Frobenius automorphism corresponding to pi. Further, let i*g be defined 
as at the end of Section 2. Due to Proposition 12.51 Fn is a formal group law 
over Z. 

Let F~ be defined for the torus T" similar to 

Theorem 5. Let T , T' be tori over Q which are split over an abelian tamely 
ramified extension of Q, T, 7~' &e t/ieir Neron models, and rj: T — > T" &e a 
morphism. Then 

I. Fh represents T . 

II. T/ie linear coefficient of the homomorphism F- — > F4 induced by rj: T — > 
V C T . 

Proof. I. According to Theorem O a formal group law from a universal fixed 
pair for ($, Gal(Q(£)/Q)) represents T. Take Q G GL„ d (Z) as in Lemma EH 
Then condition (iii) of Theorem [Tjl is satisfied for L = Q p and any prime p. 
Further, we calculate the upper-left d x <i-submatrix u p of Q~ x v v Q with the aid 
of Proposition [HTj 

If p =^ pi for 1 < i < k, define r(p) = (ri(p), . . . , ruip))- Then 

«P = E ^ K 7 (S^ - <^-r( P ))^) ^ - ^ - U? (P) ■ ■ ■ U^A p . 
a,0 
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If p = Pi, denote 

o\,Pt,a,p) - o pi _ ri(pi ^ /3 i - 1 -n-i(p i )°/3 i+1 -n + i(p i ) °p k -r k ( Pt )- 

Then 

/ P<"2 \ 

-Pdd-U 1 ■■■U i -i U i+1 ■■■U k \ Pi l d - 2^U, I A Pi . 

Obviously, in both cases u p = pld — S(p)A p . 

On the other hand, Proposition 12.51 implies that the logarithm of F~, is of 
p-type pld — S(p)A p . Then by Proposition 13.51 there exists fs G Houl^Fh, 3>) 
such that the linear coefficient of fs is QI n d,d, and (Fs, /h) is a universal fixed 
pair for Gal(Q(f)/Q)). Thus F H represents f. 

II. The homomorphism $ — > $' induced by 77 commutes with the actions 
of Gal(F/L) on $ and According to Proposition 16.21 the linear coefficient 
of this homomorphism is equal to C T ® /„. Let (Fh,/s) and (Fg,/i) be as 
above. Then by Proposition 13.21 we get a homomorphism F~ — > Fg whose 
linear coefficient Z satisfies Q'I n d'.d'Z — (C T <g> I n )QInd,d- It implies that Z is 
the upper-left d' x d-submatrix of Q' _1 (C T ® I n )Q- Thus we obtain 

□ 

Proposition 9.3. Let T , T be tori over Q which are split over an abelian 
tamely ramified extension of Q, and T . T be their Neron models. Then the 
natural homomorphism Homq(T,T') — > Homz(FH,F4) is an isomorphism. 

Proof. Theorem [5] implies the injectivity. Take a homomorphism from F~ to 
F^ and denotes its linear coefficient by E. If p 7^ for any 1 < i < k, then 
Fw and Fs< are of p-types p/^ — x(A p ) T A p and pLi — x'(A p ) T A p , respectively, 
where A p G Gal(Q(£)/Q) is the p-Frobenius. By Proposition 12.31 (hi), we get 
X'(A P ) T E = Ex(A p ) T . Since any element of Gal(Q(£)/Q) is the p-Frobenius 
for some prime p, the matrix E T G Md,d'(Z) defines a Gal(<Q>(£)/Q)-modules 
homomorphism from <Y' to X which gives rise to a morphism from T to T' . Ac- 
cording to Theorcm[5l this morphism is the inverse image of the homomorphism 
Fh — * F4 taken in the beginning of the proof. This proves the surjectivity. □ 

Corollary. Suppose that the assumptions of Proposition \9.3\ are satisfied. If T 
and T' are isomorphic, then T and T' are isomorphic. 

Comparing the above Corollary with Proposition 17.81 and the subsequent 
remark we see that while in the local case, the completion of the Neron model 
for a torus contains even less information than its reduction, in the global case 
the completion of the Neron model determines the torus uniquely up to isomor- 
phism. 
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